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Abstract
A strong limit theorem on gambling system for Bernoulli sequences is extended to the
sequences of arbitrary discrete random variables by using the conditional probabilities.
Furthermore, by allowing the selection function to take values in an interval, the conception of
random selection is generalized. In the proof an approach of applying the differentiation of
measure on a net to the investigation of the strong limit theorem is proposed.
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1. Introduction
Consider a sequence of Bernoulli trials, and suppose that at each trial the bettor
has the free choice of whether or not to bet. A theorem on gambling system asserts
that under any non-anticipative system the successive bets form a sequence of
Bernoulli trial with unchanged probability for success. The importance of this
statement was recognized by von Mises, who introduced the impossibility of a
successful gambling system as a fundamental axiom (cf. [1, p. 91; 2, p. 186]). This
topic was discussed still further by Kolmogorov [4] and Liu and Wang [5]. The
purpose of this paper is to extend the discussion to the case of dependent random
variables by using the differentiation of measure on a net (cf. [3, p. 373]). We also
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extend the notion of random selection, which is the crucial part of the gambling
system, by allowing the selection function to take values in an interval.
Let S ¼ ft0; t1;yg be a countable (ﬁnite or denumerable) set, fXn; nX1g a
sequence of random variables taking values in S with the joint distribution
PðX1 ¼ x1;y; Xn ¼ xnÞ ¼ pðx1;y; xnÞ40; xiAS; 1pipn: ð1Þ
In order to extend the idea of random selection (cf. [6, p. 277]), we ﬁrst give a set of
real-valued functions fnðx1;y; xnÞ deﬁned on Snðn ¼ 1; 2;yÞ; which will be called
the A-valued selection function if they take values in a set A of real numbers.
Then let
Y1 ¼ y1; ð2Þ
Ynþ1 ¼ fnðX1;y; XnÞ; nX1; ð3Þ
where y1 is an arbitrary real number. Let diðjÞ be the Kronecker delta function on S;
that is, for i; jAS;
diðjÞ ¼
0; iaj;
1; i ¼ j:
(
Denote
pðxnjx1;y; xn1Þ ¼PðXn ¼ xnjX1 ¼ x1;y; Xn1 ¼ xn1Þ;
xiAS; 1pipn; nX2: ð4Þ
In order to explain the real meaning of the extended notion of random selection,
we consider the following gambling model. Let fXn; nX1g be a sequence of random
variables with the joint distribution (1), and g be a real-valued function (not
necessarily positive) deﬁne on S: Interpret Xn as the result of the nth trial, the type of
which may change at each step. Let mn ¼ YngðXnÞ denote the gain of the bettor at the
nth trial, where Yn represents the bet size, gðXnÞ is determined by the gambling rules,
and fYn; nX1g is called a gambling system or a random selection system. The
bettor’s strategy is to determine YnðnX2Þ by the results of the ﬁrst n  1 trials. Let
the entrance fee that the bettor pays at the nth trial be bn: Also suppose that bn
depends on X1;y; Xn1 as nX2; and b1 is a constant. Thus
Pn
k¼1 YkgðXkÞ represents
the total gain in the ﬁrst n trials,
Pn
k¼1 bk the accumulated entrance fees, andPn
k¼1½YkgðXkÞ  bk
 the accumulated net gain. Motivated by the classical deﬁnition
of ‘‘ fairness’’ of game of chance (cf. [2, pp. 233–236]), we introduce the following
Deﬁnition. The game is said to be fair, if for almost all oAfo : PNk¼1 Yk ¼Ng the
accumulated net gain in the ﬁrst n trials is to be of smaller order of magnitude than
the accumulated stake
Pn
k¼1 Yk as n tends to inﬁnity, that is
lim
n-N
1Pn
k¼1 Yk
Xn
k¼1
½YkgðXkÞ  bk
 ¼ 0 a:s: on o :
XN
k¼1
Yk ¼N
( )
: ð5Þ
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In Section 3 some sufﬁcient conditions for the fairness of game are given as
corollaries of the main results of this paper.
2. Main result
Theorem 1. Let fXn; nX1g be a sequence of random variables on the probability
space ðO;F; PÞ with the joint distribution (1), Ynðn ¼ 1; 2;yÞ defined by (2) and (3),
fsn; nX1g be a sequence of non-negative random variables on ðO;F; PÞ; tiAS; and
a40 be a constant. Let
D ¼ o : lim
n-N
sn ¼N
n o
; ð6Þ
and Dða; tiÞ be the set of sample points oAD satisfying the following condition:
lim sup
n-N
1
sn
Xn
k¼2
½Y 2k eajYk jpðtijX1;y; Xk1Þ
 ¼ MðoÞoN: ð7Þ
Then
lim
n-N
1
sn
Xn
k¼1
Yk½dtiðXkÞ  pðtijX1;y; Xk1Þ
 ¼ 0 a:s: on Dða; tiÞ: ð8Þ
Remark. The example to illustrate condition (7) will be given in Corollary 2, where
we assume that fYn; nX1g is bounded and sn is taken to be
Pn
k¼1 Yk:
Proof. Let
Dx1?xn ¼ fo : Xk ¼ xk; 1pkpng; xkAS; 1pkpn: ð9Þ
Then
PðDx1?xnÞ ¼ pðx1;y; xnÞ: ð10Þ
Dx1?xn is called the nth-order cylinder set. Let Nn be the collection of nth cylinder
sets,N be the collection consisting of |;O; and all cylinder sets, and l be a non-zero
real number. Deﬁne a set function m on N as follows: Let
mðDx1?xnÞ ¼
expflPnk¼1 ykdtiðxkÞgpðx1;y; xnÞQn
k¼2½1þ ðelyk  1Þpðtijx1;y; xk1Þ

ð11Þ
as nX2; where y1 is an arbitrary real number, and
yk ¼ fk1ðx1;y; xk1Þ; kX2: ð12Þ
Also let
mðDx1Þ ¼
X
x2AS
mðDx1x2Þ; ð13Þ
mðOÞ ¼
X
x1AS
mðDx1Þ: ð14Þ
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Noting that as nX2;
pðx1;y; xnÞ ¼ pðx1;y; xn1Þpðxnjx1;y; xn1Þ;
and yn depends only on x1;y; xn1; we have by (10)X
xnAS
mðDx1?xnÞ ¼ mðDx1?xn1Þ
X
xnAS
expflyndtiðxnÞgpðxnjx1;y; xn1Þ
1þ ðelyn  1Þpðtijx1;y; xn1Þ
¼ mðDx1?xn1Þ
X
xn¼ti
þ
X
xnati
" #
¼ mðDx1?xn1Þ
 e
lyn pðtijx1;y; xn1Þ
1þ ðelyn  1Þpðtijx1;y; xn1Þ


þ 1 pðtijx1;y; xn1Þ
1þ ðelyn  1Þpðtijx1;y; xn1Þ

¼ mðDx1?xn1Þ: ð15Þ
It follows from (13)–(15) that m is a measure on N: Since N is semiﬁeld, m has an
unique extension to the s-ﬁeld sðNÞ: Let
tnðl;oÞ ¼
X
DANn
mðDÞ
PðDÞ ID;
where ID denotes the indicator function of D; that is,
tnðl;oÞ ¼
mðDX1ðoÞ?XnðoÞÞ
PðDX1ðoÞ?XnðoÞÞ
: ð16Þ
It is easy to see that fNn; nX1g is a net. By the differentiation on a net (cf. [3, p.
373]), there exists Aðl; tiÞAsðNÞCF; PðAðl; tiÞÞ ¼ 1; such that
lim
n-N
tnðl;oÞ ¼ a finite number; oAAðl; tiÞ: ð17Þ
This implies that
lim sup
n-N
1
sn
ln tnðl;oÞp0; oAAðl; tiÞ-D: ð18Þ
By (3), (9), and (10)–(12), we have when nX2;
ln tnðl;oÞ ¼ l
Xn
k¼1
YkdtiðXkÞ 
Xn
k¼2
ln½1þ ðelYk  1ÞpðtijX1;y; Xk1Þ
: ð19Þ
It follows from (18) and (19) that
lim sup
n-N
1
sn
l
Xn
k¼1
YkdtiðXkÞ 
Xn
k¼2
ln½1þ ðelYk  1ÞpðtijX1;y; Xk1Þ

( )
p0;
oAAðl; tiÞ-D: ð20Þ
In virtue of the property of superior limit:
lim sup
n-N
ðan  bnÞp0 ) lim sup
n-N
ðan  cnÞp lim sup
n-N
ðbn  cnÞ; ð21Þ
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from (20) we have
lim sup
n-N
1
sn
Xn
k¼1
lYkdtiðXkÞ 
Xn
k¼2
lYkpðtijX1;y; Xk1Þ
" #
p lim sup
n-N
1
sn
Xn
k¼2
ln½1þ ðelYk  1ÞpðtijX1;y; Xk1Þ

(

Xn
k¼2
lYkpðtijX1;y; Xk1Þ
)
;
oAAðl; tiÞ-D: ð22Þ
Let 0oloa: Dividing the two sides of (22) by l; and using the inequalities
lnð1þ xÞpx ðx4 1Þ; 0pex  1 xpx2ejxj: ð23Þ
Combining (22) and (7), we have
lim sup
n-N
1
sn
Xn
k¼1
YkdtiðXkÞ 
Xn
k¼2
YkpðtijX1;y; Xk1Þ
" #
p lim sup
n-N
1
sn
Xn
k¼2
1
l
ðelYk  1 lYkÞpðtijX1;y; Xk1Þ

 
p lim sup
n-N
1
sn
Xn
k¼2
½lY 2k eajYk jpðtijX1;y; Xk1Þ
 ¼ lMðoÞ;
oADða; tiÞ-Aðl; tiÞ: ð24Þ
Assume 0olkoa ðk ¼ 1; 2;yÞ; lk-0 (as k-NÞ; and let AnðtiÞ ¼
TN
k¼1 Aðlk; tiÞ:
Then by (24) we have for all kX1;
lim sup
n-N
1
sn
Xn
k¼1
YkdtiðXkÞ 
Xn
k¼2
YkpðtijX1;y; Xk1Þ
" #
plkMðoÞ;
oADða; tiÞ-Aðlj; tiÞ: ð25Þ
Since lk-0; it follows from (25) that
lim sup
n-N
1
sn
Xn
k¼1
YkdtiðXkÞ 
Xn
k¼2
YkpðtijX1;y; Xk1Þ
" #
p0;
oADða; tiÞ-AnðtiÞ: ð26Þ
Assume aotko0ðk ¼ 1; 2;yÞ; tk-0 (as k-N), and let A * ðtiÞ ¼TN
k¼1 Aðtk; tiÞ: Imitating the deduction of (26), we have by (22),
lim inf
n-N
1
sn
Xn
k¼1
YkdtiðXkÞ 
Xn
k¼2
YkpðtijX1;y; Xk1Þ
" #
X0;
oADða; tiÞ-A * ðtiÞ: ð27Þ
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Letting AðtiÞ ¼ AnðtiÞ-A* ðtiÞ; from (26) and (27) we have
lim
n-N
1
sn
Xn
k¼1
YkdtiðXkÞ 
Xn
k¼2
YkpðtijX1;y; Xk1Þ
" #
¼ 0;
oADða; tiÞ-AðtiÞ: ð28Þ
Since PðAðtiÞÞ ¼ 1; (8) follows from (28) directly. This completes the proof of the
theorem. &
Theorem 2. Let S ¼ ft1;y; tNg: Then
lim
n-N
1
sn
Xn
k¼2
YkfgðXkÞ  E½gðXkÞjX1;y; Xk1
g ¼ 0 a:s: on DðaÞ; ð29Þ
where DðaÞ ¼ TNi¼1 Dða; tiÞ:
Proof. It is easy to see that
gðXkÞ ¼
XN
i¼1
gðtiÞdtiðXkÞ; ð30Þ
E½dtiðXkÞjX1;y; Xk1
 ¼ pðtijX1;y; Xk1Þ; kX2: ð31Þ
We have by (8), (30) and (31),
lim
n-N
1
sn
Xn
k¼2
YkfgðXkÞ  E½gðXkÞjX1;y; Xk1
g
¼ lim
n-N
1
sn
Xn
k¼2
XN
i¼1
YkgðtiÞ½dtiðXkÞ  pðtijX1;y; Xk1Þ

¼
XN
i¼1
gðtiÞ lim
n-N
1
sn
Xn
k¼2
Yk½dtiðXkÞ  pðtijX1;y; Xk1Þ

¼ 0 a:s: on DðaÞ; ð32Þ
that is, (29) holds. &
3. Some corollaries
In Corollaries 1–5 we consider a simple gambling model, in which g is taken to be
dtiðjÞðjASÞ for ﬁxed ti:
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Corollary 1. Let
Snðti;oÞ ¼
Xn
k¼1
YkdtiðXkÞ; ð33Þ
D1ða; tiÞ ¼ o :
XN
k¼2
Y 2k e
ajYk jpðtijX1;y; Xk1Þ ¼N
( )
; ð34Þ
where a is an arbitrary positive constant. Then
lim
n-N
Snðti;oÞ 
Pn
k¼2 YkpðtijX1;y; Xk1ÞPn
k¼2 Y
2
k e
ajYk jpðtijX1;y; Xk1Þ
¼ 0 a:s: on D1ða; tiÞ: ð35Þ
Proof. Let
sn ¼
Xn
k¼2
Y 2k e
ajYk jpðtijX1;y; Xk1Þ; nX2: ð36Þ
Then
mðoÞ ¼ 1; oAD1ða; t1Þ ¼ D:
Hence
Dða; tiÞ ¼ D1ða; tiÞ: ð37Þ
Eq. (33) follows from (8) and (37) directly. &
Corollary 2. Assume that the selection functions fnðx1;y; xnÞðn ¼ 1; 2;yÞ take
values in an interval ½0; b
 (that is, fnðx1;y; xnÞ is ½0; b
-valued selection function),
and let
D2 ¼ o :
XN
k¼1
Yk ¼N
( )
: ð38Þ
Then
lim
n-N
1Pn
k¼1 Yk
Snðti;oÞ 
Xn
k¼2
YkpðtijX1;y; Xk1Þ
" #
¼ 0 a:s: on D2: ð39Þ
Proof. Let
sn ¼
Xn
k¼1
Yk; ð40Þ
and let 0py1pb: Then we have
0pYkpb; kX1: ð41Þ
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It follows from (40) and (41) that
1
sn
Xn
k¼2
Y 2k e
aYk pðtijX1;y; Xk1Þp
Pn
k¼2 Y
2
k e
aYkPn
k¼1 Yk
pbeaboN: ð42Þ
Eqs. (40) and (42) imply that
Dða; tiÞ ¼ D ¼ D2: ð43Þ
Eq. (39) follows from (8) and (43) directly. &
Remark. In the above gambling model mn ¼ Yn if the event fXn ¼ tig occurs and
mn ¼ 0 if fXn ¼ tig does not occur. Hence Snðti;oÞ and
Pn
k¼1 Yk represent,
respectively, the total gain and the total amount winnable of the bettor at the ﬁrst
n trials, and where ‘‘fairness’’ is deﬁned to mean that the ratio of the net gain to the
total amount winnable goes to 0 as the number of bets goes to inﬁnity. By (39) and
(5) we assert that if the entrance fee bk that the bettor pays at the kth trial is taken to
be YkpðtijX1;y; Xk1ÞðkX2Þ then the game is fair, that is, no strategy can increase
the bettor’s return on investment.
Corollary 3. Under the assumption of Corollary 2, we have
lim
n-N
Snðti;oÞPn
k¼2 YkpðtijX1;y; Xk1Þ
¼ 1 a:s: on D3ðtiÞ; ð44Þ
where
D3ðtiÞ ¼ o :
XN
k¼2
YkpðtijX1;y; Xk1Þ ¼N
( )
: ð45Þ
Proof. Let
sn ¼
Xn
k¼2
YkpðtijX1;y; Xk1Þ; nX2: ð46Þ
Then
1
sn
Xn
k¼2
Y 2k e
aYk pðtijX1;y; Xk1Þ
p bPn
k¼2 YkpðtijX1;y; Xk1Þ
Xn
k¼2
Yke
abpðtijX1;y; Xk1Þ
¼ beaboN: ð47Þ
Eqs. (46) and (47) imply that
Dða; tiÞ ¼ D ¼ D3ðtiÞ: ð48Þ
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It follows from (48) and (8) that
lim
n-N
1Pn
k¼2 YkpðtijX1;y; Xk1Þ
Xn
k¼1
Yk½dtiðXkÞ  pðtijX1;y; Xk1Þ
 ¼ 0
a:s: on D3ðtiÞ:
This implies (44) obviously. &
Corollary 4. Under the assumption of Corollary 3, we have
D3ðtiÞ ¼ D4ðtiÞ a:s:; ð49Þ
where
D4ðtiÞ ¼ o :
XN
k¼1
YkdtiðXkÞ ¼N
( )
: ð50Þ
Proof. Corollary 3 implies
D3ðtiÞCD4ðtiÞ a:s: ð51Þ
Now we come to the proof of the opposite inclusion. Let o0AAð1; tiÞ-D03ðtiÞ; where
D03ðtiÞ denotes the complement of D3ðtiÞ: We have by (17) and (19),
lim
n-N
tið1;o0Þ ¼ lim
n-N
expfPnk¼1 Ykðo0ÞdtiðXkðo0ÞÞgQn
k¼2½1þ ðeYkðo0Þ  1ÞpðtijX1ðo0Þ;y; Xk1ðo0ÞÞ

¼ finite number: ð52Þ
By using the inequality ex  1pxex; we have
0p
XN
k¼2
ðeYkðo0Þ  1ÞpðtijX1ðo0Þ;y; Xk1ðo0ÞÞ
p
XN
k¼2
Ykðo0ÞebpðtijX1ðo0Þ;y; Xk1ðo0ÞÞoN: ð53Þ
By (53) and the convergence theorem of inﬁnite product we have
0o
YN
k¼2
½1þ ðeYkðo0Þ  1ÞpðtijX1ðo0Þ;y; Xk1ðo0ÞÞ
oN: ð54Þ
Eqs. (52) and (54) imply
XN
k¼1
Ykðo0ÞdtiðXkðo0ÞÞoN; ð55Þ
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that is, o0AD04ðtiÞ: Hence Að1; tiÞ-D03ðtiÞCAð1; tiÞ-D04ðtiÞ; that is,
Að1; tiÞ-D4ðtiÞCAð1; tiÞ-D3ðtiÞ: ð56Þ
Since PðAð1; tiÞÞ ¼ 1; (56) together with (51) implies (49). &
The next corollary is the classical result on impossibility of a successful gambling
system.
Corollary 5. Let S ¼ f0; 1g; fXn; nX1g be a sequence of independent and identically
distributed random variables with Bernoulli distribution ð1 p; pÞ; fYn; nX1g is
bounded, andXN
k¼1
Yk ¼N a:s:
Then
lim
n-N
1Pn
k¼1 Yk
Xn
k¼1
YkXk ¼ p a:s:
Proof. Taking ti ¼ 1 and noticing that pðtijX1;y; Xk1Þ ¼ p in this case, Corollary 5
follows from Corollary 3 directly. &
In the following corollary we consider the general gambling model with S ¼
ft1;y; tNg and the payoff in the nth trial taken to be YkgðXnÞ; where g is an
arbitrary function deﬁned on S:
Corollary 6. Let S ¼ ft1;y; tNg: Suppose that 0pfnðx1;y; xnÞpb for all nX1: Then
we have
lim
n-N
1Pn
k¼1 Yk
Xn
k¼1
YkfgðXkÞ  E½gðXkÞjX1;y; Xk1
g ¼ 0 a:s: on D2: ð57Þ
Proof. By (43) we have DðaÞ ¼ D2: Hence (57) follows from (29) directly. &
Remark. By (57) and (5) we assert that if the entrance fee bk that the bettor pays at
the kth trial is taken to be YkE½gðXkÞjX1;y; Xk1
ðkX2Þ; then the game is fair.
4. Some examples
Example 1. Let fXn; nX1g be a non-homogeneous Markov chain with the state
space S ¼ f1; 2;y; Ng and the transition matrix
Pn ¼ ðPnðjjiÞÞ; PnðjjiÞ40; i; jAS; nX2;
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where PnðjjiÞ ¼ PðXn ¼ jjXn1 ¼ iÞðnX2Þ: Suppose the random selection system is
bounded, that is, 0pfnðx1;y; xnÞpboN for all nX1: Then
lim
n-N
1Pn
k¼1 Yk
Xn
k¼2
YkfXk  E½XkjXk1
g ¼ 0 a:s: on D2; ð58Þ
and for ﬁxed iAS;
lim
n-N
1Pn
k¼1 Yk
Xn
k¼2
Yk½diðXkÞ  PkðijXk1Þ
 ¼ 0 a:s: on D2: ð59Þ
Proof. Taking gðjÞ ¼ jðjASÞ and noticing that E½XkjX1;y; Xk1
 ¼ E½XkjXk1
;
(58) follows from (57) directly. Taking gðjÞ ¼ diðjÞðjASÞ and noticing that
E½diðXkÞjXk1
 ¼ PkðijXk1Þ;
Eq. (59) also follows from (57) directly. &
Example 2. Let fXn; nX1g be a homogeneous Markov chain with the state space
S ¼ f1; 2g and the transition matrix
p11 p12
p21 p22
 !
; pij40; p21Xp11;
and b be a positive number. Suppose that by the gambling rules the gain of the
bettor at the ðn þ 1Þ th trial be Ynþ1d1ðXnþ1Þ: Since p21Xp11 means that the
conditional probability PðXnþ1jXn ¼ 2Þ is greater than the conditional probability
PðXnþ1jXn ¼ 1Þ; it seems at ﬁrst that if the bettor employs the following strategy:
when Xn ¼ 2; let Ynþ1 ¼ b; when Xn ¼ 1; skip the ðn þ 1Þ th bet, that is, let
fnðx1;y; xnÞ ¼
0 when xn ¼ 1;
1 when xn ¼ 2;
(
he can perhaps gain some advantage, but the Corollary 2 says that he cannot. In fact,
we have by this corollary,
lim
n-N
1Pn
k¼1 Yk
Snð1;oÞ 
Xn
k¼2
Ykpð1jX1;y; Xk1Þ
" #
¼ 0 a:s: on D2
for any bounded gambling system fYn; nX1g: Hence the above strategy cannot
increase the bettor’s return on investment.
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